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The Electromagnetic Form of
the Dirac Electron Theory
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In the present paper it is shown that the Dirac electron theory
can be represented with the special form of the Maxwell
theory, if the Dirac wave function is identified with the plane
electromagnetic wave in some specific way. This
representation allows us to see new possibilities in the
connection of classical and quantum electrodynamics.

Keywords: quantum electrodynamics, classical
electrodynamics, quantum mechanics interpretation.

1.0. Introduction

W.J. Archibald [1] was the first who paid attention to the possibility
of representing the Schrodinger equation in electromagnetic form. For
the Dirac electron equations this possibility was mentioned in the
book [2]. The other forms (quaternion, biquaternion, etc.) of the Dirac
equation and the separate mathematical aspects of this theme were
considered in many articles [3]. But an understanding of the physical
meaning of these representations has been lacking until now.
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The Dirac equation has many particularities. In the modern
interpretations these particularities are considered mathematical
features that do not have a physical meaning. For example [4] (section
34-4), “it can prove that all the physical consequences of Dirac’s
equation do not depend on the special choice of Dirac’s matrices.
They would be the same if a different set of four 4x4 matrices... had
been chosen. In particular it is possible to interchange the roles of the
four matrices by unitary transformation. So, their differences are only
apparent.”

The mathematical properties of the Dirac matrices are well known:
they are anti-commutative and Hermitian; they compose a group of
16 matrices; the bilinear forms of these matrices have defined
transformation properties; it has been repeatedly pointed out that in
classical physics these matrices describe the vector rotations, etc.

Below we will show that all the Dirac electron equation
particularities can be entirely connected with the particularities of the
equations of classical electrodynamics. We will also show why “the
physical consequences of Dirac’s equation do not depend on the
special choice of Dirac’s matrices.”

2.0. Electrodynamics form of the Dirac equation

The Dirac bispinor contains four functions, while an electromagnetic
field in the general case contains six functions. As it is known, the
number of the functions in these theories is not connected in any way
to the space dimension (see e.g. [5]). Obviously, in this case it is
impossible to reduce one another. We will show that such a
possibility exists only in a specific case, when Dirac’s spinor is
identified with the fields of the plane electromagnetic wave.
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2.1. The spinor form of the Dirac equation

As it is known, there are two mathematical description forms of the
representation of the Dirac electron equation: spinor and bispinor.
The Dirac equations in the spinor form [2-6] are the following:

i§ +cs pc+mcl =0,
S @.1)
fec +cs p| - me'c =0,

where § are Pauli matrices, and ] and c are the so-called spinors,
represented by the following matrices:

. o ,0 & 0
=c. =+ C= -, 2.2
: gl 20 gczﬂ ( )

2.2. The bispinor form of the Dirac equation

More often the Dirac equation is described in the bispinor form.
Entering the function:
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called bispinor, the equations (2.1) can be written in one equation.
There are two bispinor Dirac equation forms [6]:

géoéwef fa) +6mc28y =0, (2.4)
y gae ca fa) - b me* Y=o, 2.5)
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which correspond to the two signs of the relativistic expression of the

e= iw/czﬁz +m*c! ,

energy of the electron:

Here € =ih1111—, fa =-iAN are the operators of the energy and
t

momentum, €,

(2.6)

p are the electron energy and momentum, c is the

light velocity, m is the electron mass, y is the wave function (y *is

the Hermitian-conjugate wave function) named bispinor and &, = 1,

A

a, a,° b are the Dirac matrices:

00 16
01 0. .
1o 0¥ 27
00 Og
0 06
0 0 -17 _
0 0 0%
1 0 0gh

(e}
(e}

It is also known that for each sign of the equation (2.6) there are
two Hermitian-conjugate Dirac equations.
We will consider the electrodynamics meaning of all these

equations.
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2.3. Electrodynamics form of the Dirac equation without
mass

Let us consider, for example, the plane electromagnetic wave moving
on y - axis:

(Wtiky)

jE=

b

FI i{weky) (2.8)

: =

b

In the general case it has two polarizations and contains the following
field vectors:
E,E . H ,H, (E,=H, =0) (2.9).
The direction of the plane electromagnetic wave is defined by the
Poynting vector [7]:
® ok ('j
- C s=, =< ¢ GC
S=— HY=—~¢cE, E, E. -, 2.10
2 & =3¢ : (2.10)
gH H, H.* p

where i, j,k are the unit vectors of x,y,z- axes. For the wave,
which moves along y - axis we have:

S,=-J(EH. - EH), (2.11)
Let us enter the Dirac spinors as electromagnetic waves in the
following way:

& 0 aaHo

I =g, = c= H (2.12)

where | =) (y) and ¢ =c(y).
In this case the bispinor y =y ( y) will have the following form:
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¥
RS I
y =€ 9 "=(E, E. -iH, 6 -iH), (2.13)
54
&

¢
.0 &H. g
Using (2.13), we can write the equation of the electromagnetic wave,
moving along the y - axis, in the form:

(62- ity =0, (2.14)
The equation (2.14) can also be written in the following form:
& 2\ 22 2\Vu,, _
g(aoe) p (a p) qy =0. 2.15)

In fact, taking into account that
A A2 A
(ae)°=e (d5) =5 (2.16)

we see that the equations (2.14) and (2.15) are equivalent.
Factorizing (2.15) and multiplying it from the left on the

Hermitian-conjugate function y * we get:
y (ae cd fa) (eioé+cef fp) y =0, 2.17)

The equation (2.17) may be disintegrated on two Dirac equations
without mass:

(a é- @ fa)zo, (2.18)

y
(ei 6+ca fp) y =0, (2.19)
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It is not difficult to show (using (2.13) that the equations (2.18) and
(2.19) are the Maxwell equations of the electromagnetic waves:
retarded and advanced.
2.4, Electrodynamics form of Dirac equation with mass

Let us consider first two Hermitian-conjugate equations,
corresponding to the minus sign of the expression (2.6):

gae +cd fa) +B me? gy =0, (220"

y g dé+a p) +Bme§=0 (2207

Using (2.13) from (2.20”) and (2.20°’) we obtain:

i

PIE A ey,
jc Yt Ty c
I

SR AP

|,c T+ Ty c
|

.21),
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119 E

LIE TH wp
jc Yt Ty c

:

DTE TH w, o
|c T+ Ty c

|1‘HH GJE W

..cﬂt | IR% c

(2.22)

where W="""_ The equations (2.21) and (2.22) are Maxwell

equations with complex currents. (It is interesting that along with the
electrical current, the magnetic current also exists here. This current is
equal to zero by Maxwell’s theory, but its existence according to
Dirac does not contradict the quantum theory).

As we see, the equations (2.21) and (2.22) differ by the current
directions. We could foresee this result before the calculations,

since the functions y © and y differ by the argument signs:
y =y ™ andy =y ™
Let us compare now the equations that correspond to both plus and

minus signs of (2.6).
For the plus sign of (2.5) we have the following two equations:

gae a fa) “bm gy =0, (2.23)

wt

y ¥ é-ca p) 6 me? =0, (2.24)

The electromagnetic form of the equation (2.23) is:
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i
'|'l—.” £, +—ﬂ H, +iﬂEx =0,
jc Yt | IR% c

: (2.25)

1A TE . w
ic Tt Ty ¢ °

Obviously, the electromagnetic form of the equation (2.24) will have
the opposite signs of the currents comparatively to (2.25).

Comparing (2.25) and (2.21) we can see that the equation (2.25)
can be considered as the Maxwell equation of the retarded wave. If
we don’t want to use the retarded wave, we can transform the wave
function of the retarded wave to the form:

®eE ©
Q-E -
=g .HZ -, (2.26)
iH, +
&iH, 5

y ret

Then, contrary to the system (2.25) we get the system (2.22).
The transformation of the function y ,, to the function y , is

ret

called, in quantum mechanics, the charge conjugation operation.
2.5. Electrodynamics sense of bilinear forms

Enumerate the main Dirac matrices [6]: 1) &, © b is the scalar,
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A A

2) amz{do ,é} °o{ d,4d,4,d,} is the 4-vector, 3)
a, =d,»a,,d, is the pseudoscalar.
Using (2.13) and taking into account that y =y ( y) it is easy to

obtain the electrodynamics expressions of the bispinors,
corresponding to these matrices:

Dy 'd,y =(E’+E?)- (H +H)=E- H* =8p I, where I,
is the first scalar of the Maxwell theory;

2) y'dy =E’+H*=8p U and y'dy =8p cg, . Thus, the
electrodynamics form of the 4-vector bispinor value is the

S
energy-momentum 4-vector of the Maxwell theory: i— U, g?ug.

I ¢
3)y a5y =2 (E.H,+E.H,)=2 (E xﬁ) is the pseudoscalar and

(E xH )2 =1, is the second scalar of the electromagnetic field theory.

As it is known, from the Dirac equation the probability continuity
equation can be obtained:

ﬂp%’—(tr’t) +div S, (7,¢)=0, (2.27)

A

Here P, (F,t) =y d,y is the probability density, and

S, (17 ,t) =- ‘q y is the probability flux density. Using the above
results we can obtain: P, (17 ,t) =8p U and S = c’8=8p §.Then
in the electromagnetic form the equation (2.27) has the form:

U v §=0 : (2.28)
q¢
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which is the energy conservation law of the electromagnetic field.

3.0. The electrodynamics sense of the matrices
choice

3.1. The electrodynamics sense of the transposition of
the matrices

As we saw above, the matrix sequence (d,,d8,,d,) agrees with the
electromagnetic wave, which has - y -direction. But herewith only
the &, -matrix is “working”, and the other two matrices do not give

the terms in the equation. The verification of this fact is the Poynting
vector calculation: the bilinear forms of &,,d, -matrices are equal to

zero, and only the matrix &, gives the right non-zero component of

the Poynting vector.

A question arises: how to describe the waves, which have x and
z -directions. It is not difficult to see that the matrices’ sequence is
not determined by some special requirements. In fact, this matrices
sequence can be changed without breaking any quantum
electrodynamics results [4, 6].

Introducing the axes’ indexes, which indicate the electromagnetic
wave direction, we can write three groups of the matrices, each of
which corresponds to one and only one wave direction:

(a"\kaa’:@yaagz) ) (a’tzwa’:g)aa,\]z’) ) (a"\zaa’:b;aa,:}) .
Let us choose now the wave function forms, which give the correct

Maxwell equations. We will take as the initial form that of the - y -

direction, which we have already used. From it, by means of the
indexes’ transposition around the circle, we will get the forms of the
x and y - directions.
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Since in the initial case the Poynting vector has the minus sign, we
can suppose that the transposition must be counterclockwise. Let us

examine the supposition, checking the Poynting vector values:

1) For (d,,d,,a,,) we have
ek, 6
(; -
y =y (»),y = EH vy *=(E E.-iH,- i)

Girr 5
+ A . . gl x
y 'd,y =(E, E.- i, - iH,) gE =0,

y ',y =-2E.H - EH,)=-28E" HY .,y 'd,y =0,
2) For (d,,d,,d,,) we have

aeEzc'j
C; by

y =y ().y = gH oy =(E.E -iH -iH);

G, 5

+

3) For (d,,d,,,d,) we have
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&k, 0
g _
= —¢h+
y =y (2).y = H_y

G
S 5
y'dy =0,y'dy =0,y d,y =-26E" Af, (3)

As we see, we took the correct result: by the counterclockwise
indexes’  transposition the wave functions describe the
electromagnetic waves, which move in a negative direction with
regard to the corresponding co-ordinate axes.

We can suppose that, by the clockwise indexes’ transposition, the
wave functions will describe the electromagnetic waves, which move
in a positive direction along the co-ordinate axes. Let us
prove this:

1) For (d,,d,,a,,) we have

aeEo
Cp

y =y (0).y = EH y " =(E. E,-iH. - iH );

§i11 %

y dy =0,y 'd,y =2gE" HYj,y d,y =0,  (34)

=(E, E,- il - iH,);

2) For (d,,d,,d,,) we have
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&k, 0
g -

y =y (x).y = gH_y*=(EyEz-iHy-in);

S5

y "d,y =26 FIHX,y*;i%y =0,y 'dy =0,

3) For (d,,d,,,d,) we have

&k, 0
C; -

y =y (2),y = QH Ly " =(E E,-iH, - iH);

G, 5

y'd,y =0,y 'dy =0,y ‘d,y =24 HY,

As we see, once again we get the correct results.

343

(3.5)

(3.6)

Now we will prove that the above choice of the matrices gives the
correct electromagnetic equation forms. Using the bispinor Dirac
equation (2.23) as an example and transposing the indexes clockwise
we obtain for the positive direction of the electromagnetic wave the

following results for the x , y , z -directions correspondingly:
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11TE, aéTHo W T1E. aQTH (-)—-iﬂ

Ea 0 79
¢ ¢ 8ﬂx @ c 7 Ic Mt 81{)} o c
T19E, &H,6_ w_ "19E afH. 6 w
M, Q - L I — '—'Z_Ex,
jc Tt &g .cw 8wg c

|
(114, &E6_.w,, Llwﬂ aE, 6_.w
c

- o= o =i—H_,
ic I & g Cole Shp
Hﬂm+£mﬁ_w T19H, &qE 6_ . w
i Cqn TP M = H,,
jce It g ¢ jc Tt 8Wﬂ c

|1‘HH aé]Eo W (3.7)

te w 8wz c 7

As we can see, we have obtained three equation groups, each of
which contains four equations, as is necessary for the description of
all electromagnetic wave directions. In the same way for all other
forms of the Dirac equation analogue results can be obtained.

Obviously, it is possible via canonical transformations to choose
the Dirac matrices in such a way that the electromagnetic wave will
have any direction.
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3.2. The electrodynamics sense of canonical
transformations of Dirac’s matrices and bispinors
As is known [2,8], the transition from some independent variables to
others is made by means of the unitary operator, which is called the
canonical transformation operator.

Actually the choice (2.7) of the matrices a , made by us is not
unique. In this case there is a free transformation of a kind:

a=S8a's',

345

(3.8)

where S is a unitary matrix. The last one corresponds to functions
y ' transformation:

y =8y ', (3.9
If we choose matrices a ' as:
® 1 0 06 #® -i 0 0§
S 000 . % o0 o0 oC
a' = L d,=¢ o
co 0 O lf co 0 O i
0 01 0y 0 0 i 04 10
d 0 0 06 a0 0 0 -18 '
% 10 02 % o1 o>
dy = Lal=¢ :
o 0 1 0+ ¢o 10 0+
€0 0 0 -1z &1 00 0,

then the functions y will be connected to functions y ' according

to the relationship:
:y '1' y '4

NG

0 A

y Lty
V2

> Y

Np

Yy -

y '2'y '3
V2
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The unitary matrix S, which corresponds to this transformation, is
equal to:

il 0 0 -lu

R 10 11 of

\/_ Lo o 1?, (3.12)
fo 1 -1 0fp

It is not difficult to check that by means of this transformation we will
also receive the equations of the Maxwell theory. Actually, using
(2.13) and (3.11) it is easy to receive:

YAV a o p YO A p YWYy YoV s iy (313

2 2 £ 2 2
whence:
o(E_+iH ) ('5
¢
y'= ﬁ (E.+iH.) (3.14)
2 (; (E.-iH)) ~

S (E.-iH)y

Substituting these functions in the Dirac equation we will receive
the correct Maxwell equations for the electromagnetic waves (in
double quantity). It is possible to assume, that the functions y '
correspond to the electromagnetic wave, moving under the angle of
45 degrees to both coordinate axes.

Thus, we see that actually any choice of the Dirac matrices
changes only the direction of the electromagnetic wave .
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4.0. The electromagnetic form of the electron
theory Lagrangian

As it is known [7], the Lagrangian of the Maxwell theory in the case
of the electromagnetic waves is:

L, :é(ﬁz- m?), 4.1)

and as a Lagrangian of the Dirac theory can take the expression [6]:
L, :y*(é+ce% fa+6mc2)y, 42)

For the electromagnetic wave moving along the - y -axis the equation
(4.2) can be written:

I | y U | .mc ., n
L,=-y ——-y'a —-i—Y by, 4.3
b= 0 y a, 0y y by (4.3)
Transferring each term of (4.3) in the electrodynamics form we obtain
the electromagnetic form of the Dirac theory Lagrangian:

- W /- _
Lv:ﬂ—U+divS-i—(E2-H2), (4.4)
B Y 4p
(Let us note that in the case of the variation procedure we must
distinguish the complex conjugate field vectors E*, H and E , H).

The equation (4.4) can also be written in another form. Using the
complex electrical and “magnetic” currents:

W - W -
1 ¢=j—F and ;" =i— H we take:
Ji 2 Ji 2p

_ﬂ U .3 T e Tmyy
L =g *div - (GiE- jra), (4.5)
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It is interesting that since L =0 thanks to (2.4), we can take the
equation:
1%—7+div§-(]fﬁ-];mﬁ):0, (4.6)
which has the form of the energy-momentum conservation law for the
Maxwell equation with current.

Conclusion

The above results show that the Dirac theory can be written in the
electromagnetic form as consistently as in the usual spinor form. Such
representation makes the new interpretation of the quantum
electrodynamics possible [9].

References

1. WJ. Archibald. Canad. Journ. Phys., 33, 565 (1955)

2. AL Akhiezer, W.B. Berestetskii. Quantum electrodynamics. Moscow, 1959
(Interscience publ., New York,1965).

3. T. Koga. Int. J. Theor. Phys., 13, No 6, p.377-385 (1975); A.A. Campolattoro.
Int. J. Theor. Phys. 19, No 2, p.99-126 (1980); W.A. Rodrigues, Jr. arXiv:
math-ph/0212034 v1.

4. E. Fermi. Notes on quantum mechanics. (The University of Chicago press, 1960).
5. H.A. Bethe. Intermediate Quantum Mechanics. 1964.

6. L.T. Schiff. Quantum Mechanics. (2nd edition, McGraw-Hill Book Company,
Inc, New York, 1955).

7. M.-A. Tonnelat. Les Principes de la Theorie Electromagnetique et de la
Relativite. (Masson et C. Editeurs, Paris, 1959).

8. V. Fock. The principles of the quantum mechanics. Leningrad, 1932
9. A.G. Kyriakos. http://arXiv.org/abs/quant-ph/0204037/.

© 2004 C. Roy Keys Inc. — http://redshift.vif.com



