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WDWLQJ�ZLWK�D�VPDOO�DQJXODU�YHORFLW\��ZH�PDNH�D�FRPSOHWH�DQG�IXOO\�FRYDULDQW�DQDO\VLV
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7KH�HOHFWURG\QDPLFV�RI�PRYLQJ�REMHFWV�KDV�EHHQ�LQ�WKH�SDVW�WKH�VXEMHFW�RI�PDQ\�H[SHULPHQWDO
DQG�WKHRUHWLFDO�ZRUNV��7KH�PDJQHWLF�HIIHFW�RI�D�PRYLQJ�FKDUJH�ZDV�ILUVW�REVHUYHG�E\�5RZODQG�>O@
DQG�WKDW�GXH�WR�D�PRYLQJ�GLHOHFWULF�E\�5|QWJHQ�>�@��7KHVH�HIIHFWV�ZHUH�FRQILUPHG�DQG�SODFHG�RQ�D
TXDQWLWDWLYH�EDVLV�E\�(LFKHQZDOG�>�@�ZKRVH�FDUHIXO�H[SHULPHQWV�ZHUH�DQDO\VHG�E\�-RQHV>�@��7KHQ�
RQ�D�VXJJHVWLRQ�IURP�(LQVWHLQ�DQG�/DXE�>�@��WKH�:LOVRQV�>�@�SHUIRUPHG�DQ�H[SHULPHQW�ZKLFK�LV�WKH
FRXQWHUSDUW�WR�(LFKHQZDOG¶V��$�GLHOHFWULF�F\OLQGHU�ZDV�PDGH�WR�URWDWH�EHWZHHQ�WKH�SODWHV�RI�D�FRQ�
GHQVHU�LQ�D�PDJQHWLF�ILHOG�SDUDOOHO�WR�WKH�SODWHV��$�GLIIHUHQFH�RI�SRWHQWLDO�ZDV�REVHUYHG�EHWZHHQ�WKH
SODWHV�

$�VLPSOH�ZD\�WR�H[SODLQ�WKLV�UHVXOW�>�@�LV�WR�UHSODFH�URWDWLRQ�E\�D�UHFWLOLQHDU�PRWLRQ��SDUDOOHO�WR
WKH� SODWHV� EXW� DW� ULJKW� DQJOHV� WR� WKH�PDJQHWLF� ILHOG�� 7KHQ�� DW� ORZ� YHORFLW\�� WKDW� LV� QHJOHFWLQJ� WKH
Y�F±��WHUPV�D�VLPSOH�UHODWLYLVWLF�FDOFXODWLRQ�JLYHV�>�@�IRU�WKH�GLIIHUHQFH�RI�SRWHQWLDO�D9�EHWZHHQ�WKH
SODWHV
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WHWUDG�>����@�ZKLFK�SOD\V�WKH�UROH�RI�DQ�LQVWDQWDQHRXV�LQHUWLDO�IUDPH��7KHQ��LQ�.¶�DQ�KRORQRPLF�GH�
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VFULSWLRQ�RI�WKH�HOHFWURPDJQHWLF�ILHOG�LV�REWDLQHG�E\�DVVXPLQJ�WKDW�LW�URWDWHV�ZLWK�.¶�DQG�0D[ZHOO¶V
HTXDWLRQV�DUH�
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8QIRUWXQDWHO\�DOO�WKH�ZRUNV�RQ�URWDWLQJ�PHGLD�XVH�D�*DOLOHDQ�GHVFULSWLRQ�RI�URWDWLRQV�ZLWK�D]LPXWKDO
YHORFLW\�Y� �WU�DQG�LW�KDV�EHHQ�SURYHG�UHFHQWO\�>��@�WKDW�ZLWK�WKLV�GHVFULSWLRQ��(T������DQG�(T����
GLIIHU�LQ�WKH�*DOLOHDQ�FRURWDWLQJ�IUDPH�DQG�QR�RQH�KDV�WKH�LQHUWLDO�IRUP��WKDW�LV�� WKH�FRYDULDQFH�RI
0D[ZHOO¶V�HTXDWLRQV�LV�EURNHQ�GRZQ��7KLV�UHVXOW�FKDOOHQJHV�WKH�UHODWLRQ�����DQG�LW�KDV�EHHQ�DUJXHG
UHFHQWO\�>�����@�WKDW�WKHUH�LV�DQ�DSSDUHQW�FRQIOLFW�EHWZHHQ�WKHRU\�DQG�WKH�:LOVRQV¶�H[SHULPHQW�

7KLV�VXJJHVWV�WKDW�RQH�VKRXOG�ZRUN�LQ�URWDWLQJ�PHGLD�ZLWK�D�ODUJHO\�LJQRUHG�UHODWLYLVWLF�GHVFULS�
WLRQ�RI�URWDWLRQV�SXW�IRUZDUG�E\�7URFKHULV�>��@�DQG�7DNHQR�>��@�PDQ\�\HDUV�DJR��VSHFLDOO\�VLQFH�LW
ZDV�DOVR�SURYHG�>��@�WKDW�ZLWK�WKLV�GHVFULSWLRQ�ERWK�HTXDWLRQV�����������FRLQFLGH�ZLWK�WKH�LQHUWLDO�IRUP
RI�0D[ZHOO¶V�HTXDWLRQV��VR�WKDW�WKH�IXOO�FRYDULDQFH�RI�HOHFWURPDJQHWLVP�LV�UHVWRUHG��:H�PDNH�KHUH�D
ULJRXURXV�DQDO\VLV�RI�WKH�:LOVRQV¶�H[SHULPHQW�LQ�WHUPV�RI�WKH�UHODWLYLVWLF�7URFKHULV�7DNHQR�GHVFULS�
WLRQ�RI�URWDWLRQV�
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6LQFH� WKLV� SUREOHP� LV� D[LV\PPHWULF��0D[ZHOO¶V� HTXDWLRQV�ZLWK� WKH� F\OLQGULFDO� FRRUGLQDWHV� U��f� ]
UHGXFH�WR

��� =�-�=�-�
]UU]]UU]

++(( ��D�

( ) ( ) ��� �� =�+�=�+� --

]]UU]]UU
%U%U'U'U ��E�

FRUUHVSRQGLQJ�UHVSHFWLYHO\�WR�WKH�FXUO�DQG�GLYHUJHQFH�HTXDWLRQV��(�%�'�+��DUH�WKH�XVXDO�FRPSRQHQWV
RI�WKH�HOHFWURPDJQHWLF�ILHOG��2XWVLGH�WKH�F\OLQGHU�WKHVH�HTXDWLRQV�DUH�VXSSOHPHQWHG�E\�WKH�FRQVWLWX�
WLYH�UHODWLRQV�'� �e��(��%� �m�+�DQG�ZH�KDYH�WR�JHW�WKH�IRUUQ�RI�WKH�FRQVWLWXWLYH�UHODWLRQV�LQVLGH�WKH
F\OLQGHU�

$V�SUHYLRXVO\�VDLG��ZH�XVH�WKH�7URFKHULV�7DNHQR�GHVFULSWLRQ�>�����@�RI� URWDWLRQV�EHWZHHQ� WKH
ODERUDWRU\�IUDPH�.�DQG�WKH�FRURWDWLQJ�)UHQHW�6HUUHW�IUDPH�.¶�LQ�ZKLFK�WKH�GLHOHFWULF�LV�DW�UHVW

��

� FRVKVLQK�VLQKFRVK�� [U[
U
[

]]UU �+�-=
�

-�=�=�= bfbbfbf ���

ZLWK� FUW=b �� FW[ =� �� WF[ �=�� ��7KH�VPDOO�YHORFLW\�DSSUR[LPDWLRQ�RI�����FRQVLVWHQW�ZLWK�UHODWLY�

LW\�LV�ZLWK� �� �bg +=

( ) Ü
Ý

Û
Ì
Í

Ë �W
-�=�W-�=�=�=

F
U

WFFWU]]UU
f

gfgf
�

��� ��D�



$3(,521�9RO����1U������-DQXDU\�$SULO����� 3DJH��

ZKLFK�LV�WR�WKH�RUGHU���b����1RWH�WKDW�HYHQ�QHJOHFWLQJ� WKH�b���WHUPV� WKDW� LV�PDNLQJ�g� ���GRHV�QRW
\LHOG�WKH�*DOLOHDQ�URWDWLRQV��U� �U¶��]� �]¶��f� �f¶�±�WW��W� �W¶��:LWK�����WKH�YHORFLW\�Y�_Y_���F��LV��Lf�LV�D
XQLW�D]LPXWKDO�YHFWRU�
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,Q� WKH�)UHQHW�6HUUHW� IUDPH�� WKH�FRQVWLWXWLYH� UHODWLRQV�DUH�'¶� �e(¶��%¶� �m+¶� VR� WKDW�XVLQJ� WKH
ZHOO�NQRZQ�WUDQVIRUPDWLRQV�>��@�RI�WKH�HOHFWURPDJQHWLF�ILHOG�EHWZHHQ�WZR�LQHUWLDO�IUDPHV��.¶�LV�DQ
LQVWDQWDQHRXV�LQHUWLDO�IUDPH���ZH�JHW�LQ�.
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:LOVRQV¶�H[SHULPHQW��WKH�DQJXODU�YHORFLW\�FRXOG�QRW�EH�YHU\�ODUJH��VR�ZH�VKDOO�WDFNOH�WKLV�SUREOHP�LQ
WKH�IUDPHZRUN�RI�VPDOO�YHORFLWLHV�
5HPDUN��,W�LV�LPSRUWDQW�WR�QRWH�WKDW�XQOLNH�WKH�)UHQHW�6HUUHW�WHWUDG��WKH�*DOLOHDQ�FRURWDWLQJ�IUDPH�LV
QRW�DQ�LQVWDQWDQHRXV�LQHUWLDO�IUDPH��6R�LW�LV�XQMXVWLILHG�WR�ZRUN�ZLWK�WKH�WUDQVIRUPDWLRQV�����WR�WDFNOH
WKH�FRQVWLWXWLYH�UHODWLRQV��D�SRLQW�DOVR�VWUHVVHG� LQ�>��@��%XW�DV�SURYHG� LQ�RWKHU�ZRUN� >��@�� WKH�DQ�
KRORQRPLF�HTXDWLRQV�DUH�QR�PRUH�FRYDULDQW�LQ�WKLV�FDVH�
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7R�PDNH�DSSUR[LPDWLRQV�HDVLHU��ZH�LQWURGXFH�WKH�GLPHQVLRQOHVV�SDUDPHWHU�a� �WD�F�ZKHUH�D�LV
WKH�RXWHU� UDGLXV�RI� WKH� F\OLQGHU�� WKHQ�b� �aU�D���D��$V�SUHYLRXVO\� VDLG�� WKH� ORZHVW� DSSUR[LPDWLRQ
FRQVLVWHQW�ZLWK� UHODWLYLW\� LV���a���EHFDXVH� WDQKb� �b�����b����%XW� LW� LV� LQWHUHVWLQJ� WR� VWDUW�ZLWK� WKH
��a���DSSUR[LPDWLRQ�DQG�ZH�VKDOO�SURYH�WKDW�IRU�WKH�:LOVRQV¶�H[SHULPHQW�ERWK�DSSUR[LPDWLRQV�JLYH
WKH�VDPH�UHVXOW�
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