A roitraxry motiaon ofFavisaous
incompressibke iqud

KB .Ranger

D gpartmentofil athematics
U niversity of T aaTto
Toato, 0 narioll 5S 36 3
Caneda

k isshow nbyacordgrutive proceld ure that = Liiorsofthe
Nav ier-Stokesexigt becally inw hich two ofthe Cartesancom-
porerisofvebcity are estrtll/arb itrary. T he @ Ltbrscan
be matched oma spherctalarftetoawelie ral s Libnout-
gl el the surfice ofthe °ow equatiorssch that a Mthe phy=cal
quartitiesare cortinusonthe irterfce.

| Nroduction

T he Navier-Stokesequatiorsw ere  rs frmubted by Navier [1]Jari @me
twerty years hter by Stokes[2 ] usrg Bver asamptiorsw ith recard to the
mo Ecubr irteractbnof ull s.ll aryauthorshave ( isussl e>xact @ LtbrsoT
thes gverrirgequatbrsant review softhiswork have heengvenby B erker
[Blart Wargl[4],[5]- Inpartc ubr a ¢ hssof® Librscordl ered hyWeirhaum
ari 0 Brien[6] inw hch the corvective accekrationterm isirrotatbralcan
he sccesshilly emp byed Br the s Ltbnofhowurdary valle prob Emsinthe
preene ofa >al spherew here the Brecirg®ow isprod uwel byanio htel °ow
grgubrity [7]-

T he motivation®r the preen ( isusonisto sow that there are -
Liiorsw hih are bcallyvalkl ari w here two ofthe Cartesancomporerisof
vebcity are eseria Wy arb itrary, b ject to prefrertialrequiremertisofh eirg
bcaly cortirnusw ith their derivativesp to a rite order. The arabdgs
whith Ead sto thisreaulk ispresriel inthree geps ari the Huth an  ral
dep isto corgrut the third vebceity comporert uriquely by the app kation
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ofinegab ity coniitiors. T he corgrutionofthes s ltbrsistel ¢ bzl
to the gartard theory oFs/gem soFlirzar-irhomocereousparti ld Rererinl
equatiors[8]- It isHuri that the s Ltibrsare b et to hasxally two re-
drrtiorsw here two expressforsare requirel to be renvarishirg inthe °ul

regon.0 re srh regrctionex Li esregorsw here there isa dagrationpoirt,
a poirt ofzero vortr ity, ari motiorsw here the vebc ity isorthogprallto the
vortr ity- T he scord regrctionw hch isd erived at a hter poirt ergresthat
the third comporert ofvebcity is rite inthe Equil -

INnthe hg sctioNofthe paper it isshow Nhow a cereralBelkrami Hrce-
fee el type 9Libnofthe Navier-Stokesequatbrsd e red Br the exderior
regonNto a >el shertalarfce canbe matchedl onto a rarmom vebc ity
“ell irdl e the sphere, axh that the vebc ity, vortt ity, rermalani targered
dresesare cortirnousat the irterfce. Thisispossh kB becaus two ofthe
vebcity comporerisare arb itrary ari d o rot saitisfy presrbel partiald ®er-
ertilequatiors. A the thind comporert ofvebc ity isurigLely d eterm ired
intermsofthe arb itrary comporertisan their d erivatiorsthrough the app k
cationoFirtegab ity contitiore. k isthenpossb E to corgrut a rariom
type vebcity el bcallywhih matchesorto anotherw i wellde rei gbbal
< Ltbnofthe Navier-Stokesequatibrsoutdl e the phere.

[ ] Thedyramials/em ofequatiorsrepresriirgthe motionofa visous
inompressh kB lgull canbe expreswl by

dvg=10 ; P = ply; @

%* @y = irP+°rig O

where = uj2%§ isthe °uil vebcity, p the presare, /sy the corgart ( ersity,
art © the kirematk visodty. k isale usfilto (e re the Berrouli fntion
or totalhead ofpresare hyB =P + %_]_j -

The arablascanbe gartel by cordl erirg the stuationinw hch w ;W
are arb itrarilypresribel ard Uz ;P satisky the Brear irlomogereouss/stem

Q@) + Py + % i°riu =0 (6))

i dvg = 0 @

SoLtbrsofthes equatbrsexat ari read il/ corgrutel by sarmard tech-
rigLe -
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Now il = 1+ .9 ; 1 = curlg; ad . isanaritrary sahbr
fntionofpodtionan time then
Yo Ya

dv o @ re iorg

=r?8 + dv[1 £d]= r’8 + dv[’ £dl

=r’B + @dud° )i C &)
=r’B + @Qeud’)iJ'F i. Q®): ()
T hisexpressonvarigesif
1
. = ——fr’B + @daul’®)i j'Fg;
D, @d%url® )i J'Fg ®
where @@ )& inthe °ull regon Inthiscase it v sthat
q 2 =
° =1+ —1fr°B + @Q%ud°)j j'fo:
T @d%url® )i J'¥g @)
To show that the equation®r ° canbe sitisel ra =t ° = + A, then
(7)) canbe writtenas
T+ rA = 1+ ®
q 2 — =
—_—fr“B + @Qdurd );J!
D @D i itig
an elmirationofA prod uesthe equatibn
ar = ard!
- Ya ©
+ ar

GCICD[rZB + @i iF] -

To show that equation(@) canbe satis el it Is r< corverEert to st

ie@ a@d
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thenthe equatiors

@R 3 @R 2 -
-— = durd 1
gxz @X3/2 & D . ((§

2— — 0 -
% deur qu)[r + @eud Di'F] =0;

@GR: _@R3 —
- Gurd 2
gxg i @)%/ = & D, . 2

2— — 0 -
% deur qu)[r + @ud Di'F] =0;

are Brear irmomocereousan < Ltiorsexig Br aurd  w ithout restrctlrgq;

apart fom (@ &P6(, inthe °uil - INfct I =] X, =aud ,the s/gem
agvenby (11) art (12) canbe recas asa ~r< orl er sy/gem ofthe ﬁrm

Q7 ;
Auk@'*'Blkz +Ck—0 Q3)
Br k=1 ;2 together w ith @Z ' = 0 ,aru the coet ¢ erisA jji;B ik;C ki eperi

oNnuj art B _E venthough fom a corgrutive approach it isa cunberssme
proced ueto exhb it the 9librsrl jexp kit it isak ¢ ent Br the preeri
pupo< to be asarel that sxth ssbltbrsexg, anl thisisconrmel fom
dartard theory (=e [8]) -

k rov HBbvwsfom (1)) that Bz § Rz —( . Ry i% =10, an

G daurd )+ & @Jﬂfc (@[I’ZB +@QEdDiFD D

an Q) issatisel ab prt @MA)E ) inthe °ull - T he mearirg ofthisresult
isthat the © Ltbnpace oF
1/2@ Ya
div @t+ @arXxt rP i°r’'g =10; 5
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isat certly hrge asto enompassor in bl e 9 Litbrsof(3) ari (@) - Inother
worl sthere isa mutwa l/corggdent © Ltiorofthe equatiors(3) (¢) (15),w hch
willbe il erti el together w ith s.pp Bmertaryconi itiorsat a hter poirt inthe

aral/gs.

[2] Cordier row the Erear-irlomocereouss/sem

@U2 @P° o o _ . —q -
(d)qr).lz —)@ i°rw = O,dng—O, ()]

where P= % + W% + UG . The sygem cortairsu;P Casi epertert
varih ksan s ltbrscarbecorgrutel ugrggraicht®rward method s W ith
°O=1% R, 19=aurl . T he precel irgargumert canbe uilkel to show

that 1 Y,
dv @1 Pa b+ rrPier'd = D
provil e
© a
0= Goap, T8O @an i nF >
Inthisca=
© a
o= o I Ertor a1 8 ; D)

where B O=P O+ L pfff . Aqninit isappropriate to =t ° °="% rAS s that

O+ rA®=1%% CE,P ©"ZB O+ (OP%H_‘)ijﬁa Q)
- Q @ >
ari elim irationoﬂoprod uesthe equation
ard °= ad 1% . [viD)
T Z
¢ £ 2p O 0y . @
ard @o 7 r’8 % @Paud” i 1F
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T he previbusargumert canabe be irvoked to show that F

O=R{x =% r i1% e:fgb e

s or Pan i nF

therncordl er the equatiors

M il
@Rz _@RY _
H ” g) £2 o - %ﬂ_ .
+ % daurd GOthrB + @@Paud” % 'F =0:
M [l
RI @9 _
Tligs = e@mn™d )
e qnt —F B0 Pant-S; g
+ % Gurd aoaD) B+ et Si i'F =0:

With I ©=1 ch = (11[1:0, the s/tem repreriel by Q 3(Q4) canbe con
verted to a r< ord er Brear-irhomocereoussysem ofequatiorsexpressb k in
the Hrm

Afj’k% J 4 B P+ q2=0; k=1;2: (Pk))

The bcalexagtenie ari corgrutionofthe Entbrshasally | eperi sorly
onthe con itbN@CP 6 1 inthe kquil regonsgine it canbe assmel the
coet cerisinQ 5) are ara i inthe lqui -

@RO_@RO — - ®? _@R

. o)
Sine e @ ; @Xg W & 0, it Tbw sthat Rj canabays

O
QR 2 i Ry —y , INw hih cas the ret reaul isthat there
are mutLa By corgstent o Liorsofthe s/tem

div =5 Fa X+ rrP%ior'd =10; Q6)
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@u2 + @, + @_Xz i°rin =0; dvd=0; €D

proviled that (A1PEPE 0 inthe Equil -

[3] T he rext sep inthe aralsisisto show that U =uz; P °=P + corstart.
INord er to achieve thisresul it iscorveriert to st U = W + U, © that

93: g+ ug -Now equatiors((A5)(IAE)(Q 6) imp b that

gf @y rP i°rig=anh;x )

@q) O O -2 —

Bt + @a P+ rp r’dP=amA 5% Q9
dvg=10; dvd=10: €D

By abtractionthes equatiorsimp by that

@q,  Gu
Ut " Vg 2 " @I e
+ r@%iP)i°riue = ards
Gu =10; S = Ay iA%x+ rA°= S;% G2
@0 = = ]

w here the sabr EntiorsA; ;A,;ACare ar itrary ntiorsofpostionan
time. IS iselmirated fom (3l) then
7 Y
@q @u !

dv ug=+ uz—Set @ + r’@%iP)=10: (€k))

AB byel'nirmtionoﬁz fom 29] it isPBunl that

v
or? j @@t gxi @i (qdr)Jl et qdr)Js
@—2+ @—ZﬂP°+ @ ¢ % @u2 =0: @D
@¢ @3 @ @x3 @x3 Yo ]
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il
P
@@ i°r° W+ @I+ @@—><2+

G5
Quz~
—@°jiP Z =0:
G’ )t Yo
T hes equatiorsimp
-H T -
P
@@tic’r’2 W+ @A), + @@— (>
-u@2+@2'ﬂp+ @u@ul @u@uSﬂ,_
u + u i
) @>§ @>§I ¢ O 0% €6
o2 i @ % =
it B u (OI )J;;
@2 @ > @@ @U2 _
g G g T e Voe
w here
P®=PpP5P e
an the equationofonrtinuity hasheenu=xl to show that
3 11
%+ @_US = i%: @8)
0% 0% 0>

Recard kssofw hether ore ofthe Hctorsin(36) varisdesit Tbw sthat by
the app EationoFirtegab ility coni itibrsto this Brear-homogereous s/sgem
the orly corggert 9 LtioNoF(R)(B)(FH) isthat u =0 ; or Ue(,) = Uug, ari
PO=P + corstan T he resul isthenexpressdi by the equation

g? @u )yt rP jor’g=am’; dvg=1 ¢
w here =§@\1X + Ax%)+ rA®ani
@TS _@ — - @Tl @ = -
e o6 0e lox @
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Sine Tj; J =1;2;3;canabayshe chosnw that % i % =(,it Thvs
that there exdd¢sa mutwe iy coragent < Ltionofthe Navier-Stolkesequatbrs

—+ @dr)y = irP +°r’qg dvg=10; @)

inwhih w ;W are arb itrarily presribel proviled that @ @P & 0, inthe
Kquil - B

[4] &k remairsto corgrut the urkrow rve be itycomporert by the app kEation
ofinegab ilitycorl itibrs_To thisenl it isappropriate to elim irate the pressre
“el P ari cordl er the >g-comporert ofthe vortk ity equatbn. T hismay b e
writtenas

@Uz @Ul.IT
Q) @){ @T?[ ida) =
42
or2 @u2 %ﬂ €

' ot @t @< " @%

where 1 = [ £d] T hisequatbn®r the prert purpose ismore corveriertly
exp ressy

Qus Quz
26T B T e~ © ¢
w here &5l c;deanbe w rittenintermsofu; ; J =1;2;d erivativesby
H T
_ 07w u . 0n _ Gu
A= 86 0 '0e ' P e O o @
q T
n T Ki @5)

@x " @ O0& 0x

T he Entiorsa;lgcdare alkaow Nnintermsofu; ; §J =1 ;2;ani theird eriva-
tives. k isa obkrvel that it isrot recessary to cordl er the X4 art > {
comporerisofthe vortr ity equationgne their satisfctibNnisgararieel by
the preceld irlgaral/gs ani aB they cortainthe higher ord er { erivativese g.

APE RONWOL5Nr._1-2 ,JaruanyApril1998 Page 67



7@%3 ;T@@35§<2 ,whith are rot expEitl/ required by the irtegab ility cori
tiors. Hequation(@ J) isd Rerertitel w ith respect to > then

fly + B2+ 20 = F @)

w here

o @ Maw ou =P, o Cu.

a =

@3 @x "0 @2 @2’ @
=£uor2_@_u @ . @ﬂu@uz _@ul.IT
0% (~'@t' > ﬂ@x ' o
_ @ g_;jqz i Ou “@U1+ Oup
' o @ @ @x -
H K
0w, @ Qu @ @  @uw _0u
+H@¢@§'@>@¢@E+@>@ @ " 0%
S—i‘;+§—§‘; : @8

0 ne againthe sabr BntiorsalBC,dPare alkrww Nnintermsofu;; j =
1 ;2;an their d erivatives. 0 re frther d RerentiatioNo (¢ 6) isrequired w ith
repect to >g arl thiscanbe represriel by

s + @—;3+ @—;zzd‘” @9
w here
o 0L, \p_ 8 o 0O
T’ o @)@Jrém 0> 0
_ 0P Pu o @Pu 5 @Pus
&P= > 'acg& 'tp@x@x3 'Co@><z@>@' ¢

INntermsofu, ;W the Entiorsmaybe writtenas

3 11
@ T O0w 0w _ @Puw ®_ _@u _
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Y2 Tu M1

) >4 @
N @ /2@U2 @ @U1 N @Uz1T

O, @x@< @< O

0 “ou o You @uﬁs/ 65
@ @><3 @ @x @qu %

@ @U1 N O, @ " Qu i@Ul
H@x3 @ T @xzH @ @ T @

Qu + Qup @2 Ow _ Ou

@x @ @2 @ ' 0% ]

L w0 Nou | @ @ “ou | ou

@>§ @ @>q TF'?Xz @>§ @[)? @ | %
@ Uy ]

@>§ @x'@xZ @x @Xz

T he @ Ltion®r the vebc ity comporert Us isd etermirad uriguely fom eque-
tors(¢ U B6)(A9) ani Isreprekriel by

y = E@iaXE®i d; @i o d) 6D
@i EOE®idD i @i EDEP i dP)
ari inorder to be mearirgEillissb ct to the ad d tioralregrtionthat the
¢ erom irator o (8!) isronvarishirg inthe kquil or

o? j %)+ ao@it® ;i O+ CEi D 6 (- G5)

No major amp K cationariesfom w ritirg thisexpressonintermsofu; ;U -
INnadd itionto (55) there isab the contitioN (@ AP & 0 inthe Kuil - k
isob=ervel that this ktter cort itionex i estw o-d imergoralmotionw here
there exigssa gream Eritionari the vortk ity isorthogpralito the p bhre oF
motiorn. INna amikr marrer axdgmmetrc °ow isa ex Liel ¥r the sme
reamn. CRarlyexx Li el are a® °ow sw here there isa dagationpoirt or a
poirt w here the vortk ity varishes. How ever it ispossh E to satisly the above
coni itiorsw ith anaxdg/mmetr °ow cortairirgs irL Inthisca<e the vebc ity
“el qisofthe Hrm

q= ‘}/21 A+ AZA G6)
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incylird ricallpo br coort irates (;%;A), ani Aj are b oth Entiorsof(Z;%).
Anexamp B ofach a °ow hasheengvenin(6]ari aud gq=~®qw here ® isa
corgant  that the corvective acce brationterm isirrotatiora Speci caly

Ay = U@wei®°Yy A, =0U @wei® "t G
where U sitis esa type ofred uel wave equatibnexpressi by
_ @ @ 10
Cat®)=10; Ly~ —+ i : G8)

eZ  oF "hen

]

Inshercalpokr coort iratesz = © as|; %
expressb B inthe Hrm

R
U=r Andh @riPn; @D iPn: @siI €9

=l

sny, a gererals Ltionis

w here J,, L ®)isthe BessltntionoFFactioralord er an P (@B isthe

Lecerire polbrom L il ore gerera By there are three-d Imersoralagmmetri
vebcity el swhrh sitisfy curlg = ®9arti the 9 Ltiorsw hth sitisk the
Nav ier-Stokesequatibrscanb e w rittenas

g = e *faur?@ N+ © ar @ y; @)
where A sitises

2 2 2
(I"2+®2)\ =0; I"2' @ + @ +@@22: @1)

A parab B @ Ltionin(@;y;A)coor iratesisgivenby

A =iz, @ry T EspE™ 62

w here P " (@B isthe asc iatel Leceri re Bntion

The ralpoirt oFfirtered iNnthispreriatbnisthat it isposs b to
match or patch wp a @ LtibNnofthe type gvenby (@) exterior to a here
r=0&+ >+ Xy = a with a 9 Ltion®r the vebcity "ell iesrbel
insctiors[1] to [4]where W ;W are eserniily arbitrary ari d o rot sitisfy
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partiald Rerertblequatiors. Fird it ispossh B to math wp W ;W ard all
their d erivativesto the ord er ofthe gpverrirg equatbrsat r= a, w ith the

correpori irgvalesofy, ;U ant their d erivativesfom (@)- AB dne the

d erivationthrouch equatiors(@? )-(55) kal sto a unigues Ltionr Ug b ecaus

it sitis esthe Navier-Stokesequatbrs it Tbw sthat Uz ani itsd erivativesup

to the ord er ofthe °ow equatiorscanbe matched at r=a.The vebcity el ,
vortr ity, rermallari targeried dresesare thencortinbusat r=a_ k is
thenpossb B to matthawelde rel Ltionoud e a here w ith a @ Lton
ofthe °ow equatibrsirdl e a here w here apart fom the irterfce coni itiors
at r=a,an the regritbrsimpos! by @Q®)6& (0 an (55) the motionis
eseriia By arb itrary or rardom b ecaus offthe arb itrary rature oy ;U -
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